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abstract
We study a generality of an inflationary scenario by integrat-
ing the Einstein equations numerically in a plane-symmetric
spacetime. We consider the inhomogeneous spacetimes due to
(i) localized gravitational waves with a positive cosmological
constant Λ, and (ii) an inhomogeneous inflaton field Φ with
a potential 12m
2Φ2. For the case (i), we find that any ini-
tial inhomogeneities are smoothed out even if waves collide,
so that we conclude that inhomogeneity due to gravitational
waves do not prevent the onset of inflation. As for the case
(ii), if the mean value of the inflaton field is initially as large
as the condition in an isotropic and homogeneous inflationary
model (i.e., the mean value is larger than several times Planck
mass), the field is soon homogenized and the universe always
evolves into de Sitter spacetime. These support the cosmic no
hair conjecture in a planar universe. We also discuss the effects
of an additional massless scalar field, which is introduced to
set initial data in usual analysis.
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1 Introduction
Over a decade, the inflationary universe model [1] is widely accepted as a
standard scenario in the history of the early universe. Although the fun-
damental idea of inflation is very simple, this explains many difficulties in
the standard big-bang model. One of the main subjects for the current re-
searches is to study the generality and universality of the inflationary model
itself. That is, to investigate the model in anisotropic and/or inhomoge-
neous spacetime, and to judge whether or not inflation occurs naturally for
such a generic spacetime. This is, in other words, to study whether or not
the cosmic no hair conjecture [2] is certified.
The rapid expansion in the inflationary era is caused by a vacuum energy
described by an inflaton field, or equivalently by a positive cosmological
constant Λ. For spacetimes with Λ, the so-called cosmic no hair conjecture
has been proposed. The conjecture is: All initially expanding universes
with Λ approach the de Sitter spacetime asymptotically. The de Sitter
spacetime is stable against linear perturbations [3] and many models also
support this conjecture[2]. There, however, exist some counter examples
[4]. So that we expect we may prove this conjecture with some additional
constraints.
For homogeneous but anisotropic spacetime, Wald [5] showed that ini-
tially expanding spacetimes (except Bianchi IX) with positive Λ approach
the de Sitter spacetime within one Hubble expansion time τH = (Λ/3)
−1/2.
And for Bianchi IX, the additional initial condition that Λ be larger than
one third of the maximum value of 3-dimensional Ricci scalar leads to the
same conclusion [5, 6]. For inhomogeneous spacetimes, only one practical
method we have at present is to solve the Einstein equations numerically.
Assuming a plane symmetric spacetime, Kurki-Suonio, Centrella,
Matzner and Wilson [8] studied a phase transition induced by the inflaton
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field under the existence of initial thermal fluctuations using new inflation-
ary model. They found that inflation occurs only when the potential is flat
enough. Since their motivation was different from studying the cosmic no
hair conjecture, they did not consider the case which include large inho-
mogeneities of spacetime. Although they found de Sitter space is a final
state, their initial inhomogeneity is not enough large to study the cosmic
no hair conjecture.
Assuming a spherically symmetric spacetime, Goldwirth and Piran (GP)
studied the behavior of inhomogeneous distributions of scalar field. From
an estimation of an energy balance between potential energy and scalar
field gradient term, they proposed a criterion for the onset of inflation
such that
a scale length of inhomogeneity
horizon scale
> a few times
δφ
mpl
(1)
where δφ is a spatial deviation of the scalar field from the mean value
and mpl is Planck mass. They found that a short scale inhomogeneity
compared to the horizon scale leads spacetime to collapse in closed uni-
verse, and concluded that (1) is sufficient condition for chaotic inflationary
models. GP’s simulations, however, are done under assumptions on the
isocurvature initial data with additional massless scalar field, which may
cause homogeneous expansion of the spacetime in the very initial stage.
This additional scalar field may change a homogenization process of space-
time as we will see later.
In this paper, we study the validity of the cosmic no hair conjecture in a
plane symmetric spacetime. We have mainly two reasons why we assume a
planar universe. First, we investigate the behaviors of the inhomogeneities
due to the gravitational waves, which cannot exist in a spherically symmet-
ric spacetime. It is well studied that any linear gravitational waves decay
and disappear immediately in de Sitter spacetime [9], so our main inter-
ests are the spacetimes with strong gravitational waves. As some numerical
study in flat spacetimes shows, if the strong gravitational waves are local-
ized, those come to have apparent horizons and collapse into black holes
[10]. If such a strong gravitational field is localized in a plane symmetric
spacetime, then the spacetime may evolve into a naked singularity. In fact,
Szekeres and Khan-Penrose [11] found exact solutions of colliding plane
waves in Minkowski background spacetime, which form a singularity. If
the spacetime is expanding, on the other hand, the cosmological expansion
forces to extend localized waves, which competes to the above attractive
force due to nonlinear effect of gravity. One of our purposes is to compare
the behavior of those competitive two effects. Since the attractive force
acts also for a localized inhomogeneity due to an inflaton, we also study
a inhomogeneous inflaton in a plane symmetrical spacetime and compare
the effects to those in spherical symmetric spacetime studied by GP.
Secondly, we are interested in the formations of a naked singularity,
since a singularity formed in a plane symmetric spacetime is always naked.
Recently, Nakao, Maeda, Nakamura and Oohara examined time symmet-
rical initial data for Brill waves in an axial symmetrical spacetime with
cosmological constant and found that no waves with large gravitational
mass provide trapped surfaces [12]. Nakao also found that a dust sphere
with large gravitational mass in a background de Sitter spacetime does
not collapse into a black hole spacetime [13]. And it is also shown that
there exists an upper bound on the area of the apparent horizon of a black
hole in an asymptotically de Sitter spacetime [14]. So that we may conjec-
ture that a large inhomogeneity does not necessarily prevent cosmological
constant-driven inflation. This conjecture has been also confirmed by the
simulation of non-rotating-axisymmetric vacuum spacetime with cosmo-
logical constant [15]. From these results, it seems plausible that in an
inflationary era, inhomogeneities will simply evolve into many small black
holes in a background de Sitter universe; the only worrisome possibility is
that a naked singularity might form. Disposing of this worrisome possi-
bility may thus become the main problem in the study of the cosmic no
hair conjecture. Our 1-dimensional case seems well suited to address this
problem.
In Section 2, we describe basic equations and our numerical procedures.
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We show the effects of inhomogeneities due to gravitational waves in Sec-
tion 3, and those due to inflaton field in Section 4. Conclusions and remarks
are in Section 5. As units, we use 8piG = 1 and c = 1.
2 Equations and Numerical Methods
2.1 The models
We consider following two effects on the evolution of the spacetime; [I]
inhomogeneities due to gravitational waves and [II] inhomogeneities due to
an inflaton field. To make the problem simple, we set models as follows:
[I] Initial large inhomogeneities due to gravitational waves exist in the
spacetime with positive cosmological constant Λ (no inflaton field).
We are interested in the competitive processes between the expansion
of the background spacetime and the attractive forces of the gravity.
[II] Introduce an inhomogeneous inflaton field Φ in the context of the
chaotic inflationary model. In a realistic inflationary model, it is
natural to assume such an inhomogeneous inflaton field. Our interest
is the effects of the spatial gradient term of the field on the evolution
of the spacetime, which may prevent the onset of the inflation.
For the second model, we make initial data in two ways. One is the
similar setting of initial data as those of GP’s, i.e., the spacetime with an-
other massless scalar field Ψ to obtain an isocurvature initially. The other
is without such an additional scalar field. We examine the contributions
of Ψ to evolutions of the spacetime.
In the chaotic inflationary scenario, we usually assume that the average
of the inflaton, Φ¯, is larger than a few mpl in order for the Universe to
expand sufficiently. Even under an existence of large inflaton field as an
average (Φ¯ > a few mpl), it is not trivial how the large inhomogeneity
of Φ contributes to the evolution of the Universe. We analyzed whether
or not such an gradient term in the energy ρΦ′ prevents from the onset of
inflation.
2.2 Field Equations
We use the Arnowitt-Deser-Misner (ADM) formalism [16] to solve the Ein-
stein equation
Rµν − 1
2
gµνR+ Λgµν = Tµν , (2)
with the metric
ds2 = −(α2−β2/γ11)dt2+2βdtdx+γ11dx2+γ22dy2+γ23dydz+γ33dz2, (3)
where the lapse function α, the shift vector βi = (β, 0, 0), and the 3-metric
γij depend only on time t and one spatial coordinate x. The extrinsic
curvature Kij becomes in a matrix form
Kij =


K11 0 0
0 K22 K
2
3
0 K32 K
3
3

 . (4)
Following ADM formalism, Hamiltonian and momentum constraint
equations in our metric are written as
(3)R+ (trK)2 −KijKij = 2ρH + 2Λ, (5)
D1(K
1
1 − trK) = J1, (6)
and evolution equations are
∂tγij = −2αKij +Djβi +Diβj, (7)
∂tKij = α(
(3)Rij + trKKij)− 2αKilK lj −DiDjα
+(Djβ
m)Kmi + (Diβ
m)Kmj + β
mDmKij − αγijΛ
−α{Sij + 1
2
γij(ρH − trS)}, (8)
where Greek indices i, j, k, ...move 1 to 3,Di is a covariant derivative on the
3-dimensional hypersurface Σ determined by γij ,
(3)Rij is 3-dimensional
Ricci tensor and (3)R is its Ricci scalar. ρH , Ji and Sij are energy density,
momentum density and stress tensor, respectively, defined by a observer
moving along nµ = (−α, 0, 0, 0). They are given as
ρH ≡ Tµνnµnν , Ji ≡ −Tµνh µi nν , Sij ≡ Tµνh µi h νj (9)
3
where hνµ = δ
ν
µ + n
νnµ is the projection operator onto Σ.
In section 3, we will treat vacuum spacetime, i.e. Tµν = 0, under the
assumption of the existence of a positive cosmological constant Λ, while in
section 4, we will treat a scalar field Φ with potential V (Φ) = 12m
2Φ2 as
a source of the inflation rather than Λ. The energy momentum tensor of
the scalar field is given by
Tµν = ∂µΦ∂νΦ− gµν [ 1
2
(∇Φ)2 + V (Φ)]. (10)
The scalar field evolution, then, obeys the Klein-Gordon equation
Φ =
dV
dΦ
. (11)
To integrate (11), we introduce the conjugate momentum
Π =
√
γ
α
(−∂tΦ+ β
γ11
∂xΦ), (12)
where γ = det γij , and write down eq.(11) into two first-order partial dif-
ferential equations:
∂tΦ =
β
γ11
∂xΦ− α√
γ
Π, (13)
∂tΠ = α
√
γ
dV
dΦ
+ ∂x
1
γ11
[βΠ− α√γ∂xΦ]. (14)
The dynamical variables are γij and Kij (and Φ and Π, when a scalar field
exists).
We impose periodic boundary condition, i.e., f(x1, t) ≡ f(xN+1, t),
where N is the grid number in x-direction.
Our simulation procedure follows Nakamura, Maeda, Miyama and Sasaki
[17]:
(i) Determine initial values by solving two constraint equations.
(ii) Evolve time slices by using the dynamical equations.
(iii) Check the results of (i) and (ii) using the two constraint equations on
every time slice.
Explicit procedure is described in the section 2.4.
So far, the Texas group [20] has constructed a numerical code for a
planar cosmology. Their metric is different from ours (3). They adopt
a diagonalized spatial metric, which fixes the shift vector. Their time
developing procedure is also different from ours. They use both constraint
and dynamical equations to get the stable solutions.
2.3 Initial Value Problem
We use the York-O’Murchadha’s conformal approach [21] to get initial
values. Defining conformal factor φ(x) and setting
γij = φ
4γˆij , (15)
Kij = φ
−2KˆTFij +
1
3
φ4γˆijtrK (16)
ρ = φ−6ρˆ, J i = φ−10Jˆ i, (17)
where KˆTFij is the trace-free part of the extrinsic curvature Kˆij , and trKˆ(=
trK) is a trace part of Kˆij . The quantities with a caret denote physical
variables in the conformal frame.
The Hamiltonian and momentum constraint equations then become
8 (3)∆ˆφ = (3)Rˆφ− KˆTFij KˆijTFφ−7 + 2[
1
3
(trKˆ)2 − Λ− ρ]φ5 (18)
DˆjKˆ
ij
TF =
2
3
φ6DˆitrKˆ + Jˆ i (19)
where (3)∆ˆ is the 3-dimensional Laplacian defined by γˆij ,
(3)Rˆ is the scalar
curvature. In this approach, γˆij , trKˆ and the transverse-traceless(TT) part
of the extrinsic curvature KˆTTij (and ρˆ and Jˆi when we include matter) are
left to our choice.
We impose constant-mean-curvature condition trKˆ = constant. on the
initial hypersurface. We also assume that we do not have momentum
density (Jˆi = 0). Then, for the initial data with K
TF
ij = 0, the momentum
constraint equation (19) becomes trivial. Even in the case of KTFij = 0, we
just have to give an arbitrary KTTij . We can assume that the longitudinal
part of KTFij vanishes.
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In order to get the periodic solution of (18), the value of trKˆ which
we give on the initial hypersurface should be chosen so that such a so-
lution exists. The condition for trKˆ depends on the models. Details are
shown in the following sections. We use the 5th order Runge-Kutta method
(Fehlberg method) to solve φ in (18).
2.4 Time Developing Scheme
For coordinate conditions, we impose a geodesic slicing condition such as
α = 1 and β = 0. This slicing condition entails the risk that our numerical
hypersurface may hit a singularity and stop there. If no singularity appears,
however, then it may be the best coordinate condition for revealing whether
de Sitter space emerges as a result of time evolution.
We use finite differential scheme to integrate the Einstein equations (7)
and (8) with 400 grids in the spatial direction x. We use a simple central
finite difference with second order scheme to determine derivatives.
The time step ∆t on each slice is determined, as to keep the accuracy of
the computations. We set ∆t by imposing that a volume element γ and a
expansion rate trK do not change too much (±0.1% change) in each step.
The accuracy is checked by comparing both sides of constraint equations.
For Hamiltonian constraint equation in the case of vacuum, for example,
we calculate
Err(t, x) =
(R(3) +K2)− (KijKij + 2Λ+ 2ρH)
|R(3)|+K2 +KijKij + 2Λ+ |2ρH | (20)
at the point x on Σ(t) and regard its maximum value Error(t) =
max{Err(t, x)| x ∈ Σ(t)} on each hypersurface as the error on that slice.
A similar definition is performed for momentum constraint equation. An
example of Error(t) is shown in Fig. 2.1. In our calculation, the maximum
error in the Hamiltonian constraint equation is a few times of O(10−4) on
the initial hypersurface, and this accuracy is maintained even after time
evolutions.
Our overall procedures to evolve the system are as follows. At first stage,
we solve the initial value on a hypersurface Σ1, and write γij and Kij as
γij(1) and Kij(1).
1. Evaluate the time step ∆t.
2. Define next hypersurface Σ2 and Σ3 at t = t+∆t/2 and t = t+∆t,
respectively.
3. Evolve the metric on Σ2 (γij(2) and Kij(2)), using (7) and (8) on Σ1.
4. If the scalar field exists, evolve them onto Σ2 (Φ(2) and ΠΦ(2)), using
(13) and (14) on Σ1.
5. If the massless scalar field exists (in the case of isocurvature model in
section 4.1), evolve them onto Σ2 (Ψ(2) and ΠΨ(2)), using (13) and
(14) for Ψ on Σ1.
6. Calculate r.h.s. of (7), (8), (13) and (14) on Σ2.
7. Evolve values on Σ3, using leap-frog method.
8. Check the increasing ratios of γ and K. If one of them exceeds a
certain value (±0.1% change), then control ∆t and return to 2. again.
9. Check the accuracy of the computations by constraint equations.
10. Replace the values on Σ3 by those on Σ1, and turn to 1.
3 Inhomogeneities due to gravitational
waves
In this section, we show the evolutions of the inhomogeneities due to gravi-
tational waves in the spacetime with positive cosmological constant Λ. We
expect two competitive effects: one is the expansion of space due to cosmo-
logical constant, the other is the attractive forces due to the nonlinearity of
the gravity. We examine whether such a spacetime leads to an inflationary
era, and whether such initial inhomogeneities and anisotropies smooth out
during inflation periods.
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As we already mentioned in the introduction, linear gravitational waves
are always decay in the de Sitter background spacetime. This result is
also confirmed in our numerical calculations as one of our code tests. We,
therefore, concentrate our attentions to the large inhomogeneities due to
gravitational waves. The summary has been reported in [23].
Since we have Λ in this system, we adopt the Hubble expansion time
τH = (Λ/3)
−1/2 as our time unit, which is a characteristic expansion time
of the universe. Our unit of length is also normalized to the horizon length
of the de Sitter spacetime lH = (Λ/3)
−1/2.
To evaluate the inhomogeneities on each hypersurfaces, we use three
different curvature invariants. First one is the 3-dimensional Riemann
invariant scalar (3)Rijkl
(3)Rijkl , where (3)Rijkl is the Riemann tensor
of the 3-metric on Σ. We use its dimensionless value normalized by the
cosmological constant,
C(t, x) ≡
√
(3)Rijkl (3)Rijkl
Λ
on Σ(t), (21)
and call it the “curvature” hereafter. We estimate the magnitude of the
inhomogeneities in the 3-space Σ by the maximum value of this “curvature”
on each slice, i.e. Cmax(t) = max{C(t, x) | x ∈ Σ(t)}.
Second one is an invariant scalar induced from the Weyl tensor Cµνρσ .
For the vacuum spacetime, if the Weyl tensor vanishes and no singularity
appears, the spacetime is homogeneous and isotropic. Hence this can be
used to check whether de Sitter universe is recovered or not. We use the
decomposition of the Weyl tensor:
Eρσ = Cρµσνn
µnν , Bρσ =
∗Cρµσνn
µnν , (22)
where ∗Cµνρσ ≡ 12Cαβρσεαβµν is the dual of the Weyl tensor and nµ is
a timelike vector orthogonal to the hypersurface Σ. In analogy to the
electromagnetism, the 3-dimensional variables Eρσ and Bρσ are called an
electric and a magnetic parts of the Weyl tensor. We can reconstruct the
Weyl tensor completely from this pair of tensors. Moreover, those two
variables are easy to drive out using our dynamical variables [18]:
Eρσ =
(3)Rρσ +KKρσ −K µρ Kσµ, (23)
Bρσ = εµν(ρD
µKνσ). (24)
To estimate the field’s inhomogeneities, we introduce
H(t, x) = EµνEµν +BµνBµν , (25)
as a sort of gravitational “super-energy”. In fact, it is the purely timelike
component of the Bel-Robinson tensor [22]. IfH(t, x)→ 0, then Cµνρσ → 0
unless the hypersurface becomes null.
Third invariant is 4-dimensional Riemann invariant scalar RµνρσR
µνρσ .
We calculate this variable by using a relation between Riemann tensor and
Weyl tensor
RµνρσR
µνρσ = CµνρσC
µνρσ + 2RµνR
µν − 1
3
R2. (26)
In the de Sitter case (isotropic and homogeneous case), RµνρσR
µνρσ = 83Λ
2,
since Cµνρσ = 0, Rµν = Λgµν and R = 4Λ.
The initial values are determined as follows. We treat pure gravitational
waves with following two cases: [case 1] The inhomogeneities reside in the
3-metric γˆij and Kˆ
TT
ij = 0. We set a pulselike distortion initially expressed
by
diag(γˆij) = (1, 1 + a e
−(x/x0)
2
, 1), (27)
where a and x0 are free parameters. [case 2] The 3-metric is conformally
flat and the inhomogeneities reside in KˆTTij , i.e.,
diag(KˆTTij ) = a˜ e
−(x/x˜0)
2
(0, 1,−1), (28)
where a˜ and x˜0 are also free parameters. Initial data we investigated are
listed in Table 3.1 and 3.2. The results for [case 2] are quite similar to
those of those of [case 1].
In order to get a consistent data under periodic boundary condition, we
set Kˆ as
trKˆ = −
√
3Λ(1 + δK) (29)
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on the initial hypersurface Σ(t = 0). Here, δK is a positive constant, which
should be introduced because the periodic pulse increases expansion rate
of the universe besides Λ. By integrating (18), we get conformal factor φ.
There is one free parameter λ, which fixes the scale. If φ is multiplied by λ,
we find another solution by replacing δK with δK/λ
2, which is physically
the same as the previous solution. Hence, if we impose φ → 1 at the
numerical boundary, then the value of δK is fixed; it is less than O(10
−2).
A pulse-like wave has two characteristic physical dimensions, a width
and an amplitude. We use Cmax(t) as an amplitude measure, and we define
the width l(t) by the proper distance between two points where γ (the
square of the 3-volume) decreases by half from its maximum value γmax.
An example of the initial data is shown in Fig. 3.1. This is the case of
l(t = 0) = 0.086lH, Cmax(t = 0) = 9.67.
The behaviors of the time evolutions are following. Initial distortion
begins to propagate both in the ±x directions. We see the initial curvature
C(t = 0, x) localized at the center with three peaks [Fig. 3.1(b)] separates
just after t = 0, and propagate at the light speed. In Fig. 3.2, we show
both “curvature” C(t, x) and “super-energy” H(t, x). Two waves moves to
the numerical boundaries and collides each other on the boundary, since we
assume periodic boundary condition. After the collision, two waves proceed
again in their original directions. This behavior is reminiscent of solitonic
waves. We also show, in Fig. 3.3, Cmax(t) and the invariant I(t, x) =√
RµνρσRµνρσ/Λ. We can see clearly that the collision of the waves occurs
around t = 0.2τH , when the “curvature” is superposed. At the final stage,
the spacetime is homogenized by the expansion of the universe. We can
see I(t, x)→
√
8/3 (homogeneous de Sitter spacetime) within one Hubble
expansion time τH as expected [see eq.(26)]. We see the spacetime finally
succumbs to the overall expansion driven by the cosmological constant,
and becomes indistinguishable from de Sitter spacetime.
In our simulation, l and Cmax(0) range for [case 1] between 0.080lH ≤
l ≤ 2.5lH and 0.020 ≤ Cmax(0) ≤ 125.0. We also computed the evolution of
[case 2], and found that all initial inhomogeneities decay and disappeared
within one Hubble expansion time. From the present results, we would
conclude that for any large Riemann invariant and/or small width inho-
mogeneity on the initial hypersurface, the nonlinearity of the gravity has
little effect and the spacetime always evolves into a de Sitter spacetime.
One of our motivation is to see whether or not the singularity occurs
in the presence of a cosmological constant. In the above simulation, colli-
sions occur at the boundary, which may make some troubles. In order to
avoid such numerical difficulties, we also construct initial data representing
two nearby pulse waves in one numerical range. An example of the time
evolution of the curvature has been shown in Figure 3.4. We find again
that all inhomogeneities decay and disappeared. For a wide range of initial
widths and “curvatures” (0.080lH ≤ l ≤ 0.10lH, 40.0 ≤ Cmax(0) ≤ 125.0
and the periodic distance d is 0.20lH ≤ d ≤ 0.50lH), all inhomogeneities
decay below 1 % of their initial “curvatures” within one Hubble expansion
time.
The results that all the spacetimes we analyze are homogenized even if we
include collision of waves occurs first are consistent with the calculations by
Centrella and Matzner [19]. They examined the collision of gravitational
shock waves in an expanding Kasner background both analytically and
numerically, and concluded that such a collision leads to no singularity. The
expansion due to the cosmological constant in our simulation is exponential
— much faster than Kasner (power-law) expansion.
One may wonder what happens in the limit of Λ → 0 or l → 0, when
we expect no effect of the cosmological constant. We also consider the
cases with no cosmological constant. In a plane-symmetric spacetime, if
we impose periodic boundary condition, then we should set trK = 0 due
to the contribution of the energy of gravitational waves. That is, the back-
ground spacetime expand or contract. The preliminary results of the time
evolutions show that such a periodic wave propagate with decreasing its
amplitude [Cmax(t) ∼ γ−1/3] if the background is expanding (before col-
liding to another waves). This suggests that single gravitational wave in
a plane-symmetric expanding spacetime do not collapse itself. The evo-
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lutions for the case of colliding waves and for the case in a contracting
background are still under studying. The details will be reported in the
elsewhere.
4 Inhomogeneities due to scalar field
In this section, we introduce a scalar field Φ(x, t) as a source of inflation
instead of cosmological constant, and show the results of the behavior
of its inhomogeneities to the evolution of the spacetime. In the usual
analytic approach of inflationary scenario, the inflaton field is assumed
homogeneous. By introducing inhomogeneities, the energy density of the
scalar field ρΦ is written as
ρΦ =
1
2γ
Π2 +
1
2γ11
(∂xΦ)
2 + V (Φ)
≡ ρΦ˙ + ρΦ′ + V (Φ), (30)
where V (Φ) is the potential term of the scalar field. Our interests is how
the gradient term ρΦ′ affects on the expansion of the universe. The initial
kinetic term ρΦ˙ gives less effects on the inflationary scenario.
The same-aimed simulations have been already done by GP using a
spherically symmetric code [7], and one of their results is that the space-
time with large ρΦ′ do not evolve into the inflationary era. In order to
compare the results between ours and theirs, i.e., the difference of the
symmetry of the spacetime, we first set similar initial situations and pa-
rameters with GP, that is with ‘isocurvature initial data’ (section 4.1).
This condition makes us easy to determine initial data with constant mean
curvature slicing, but also makes us unclear the effects of inflaton Φ itself,
because the spacetime may expand homogeneously in the very initial stage
by introducing another scalar field Ψ, and such an expansion might reduce
an initial large inhomogeneity of inflaton field. So that we also prepare the
initial data without Ψ, and computated their time evolutions (section 4.2).
4.1 Evolution of the isocurvature initial data
We study the evolutions of inhomogeneous scalar field with isocurvature
initial data following to GP. In addition to the inflaton field, we introduce
a massless scalar field Ψ such that the initial total energy density
ρtotal = ρΦ + ρΨ (31)
becomes uniform, where ρΨ = ρΨ˙ + ρΨ′ . In this setting, the Hamiltonian
constraint equation (5) is initially trivial under constant mean curvature
slicing (33). This method was proposed by GP. We think that it will help
to compare our results with theirs to work with same initial situations.
The massless field Ψ is introduced as an additional radiation field, and is
expected to dissipate immediately by the expansion of the universe. As we
show later in Fig. 4.5, only inflaton Φ effects to the spacetime evolution
at the late stage. The initial spacetime, however, is set to have uniform
expansion rate (since ρtotal=constant.), so that the initial-isocurvature set-
ting may not produce an exact model for our aims to search the effects of
inhomogeneity. As we show in the next sub-section, we also prepare a fully
inhomogeneous initial data and follow those time evolutions.
In order to define dimensionless variables, we introduce the effective
cosmological constant as Λeff ≡ ρtotal at t = 0 and normalize time and
scale by the units τH and lH , where τH = lH = (Λeff/3)
−1/2. The potential
V (Φ) is chaotic inflationary type; V (Φ) = 12m
2Φ2 with m2 = 0.01.
Initial scalar distribution is set as
Φinitial = Φ0 + δΦcos(2pi
x
λ
), (32)
where Φ0, δΦ and λ are parameters, which indicate mean value of the
scalar field, amplitude of inhomogeneity and scale length of inhomogeneity,
respectively. We set the initial spacetime is conformally flat and has no
gravitational waves (γˆij = δij , Kˆ
TT
ij = 0), and choose Kˆ as
Kˆ = −
√
3Λeff. (33)
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We choose Φ0 several times of mpl in order to get ‘suitable’ expansion of
the Universe when δΦ = 0. This is from a condition for inflation in isotropic
and homogeneous universe. We are interested in effects of gradient term
of the scalar field ρΦ′ to the time evolution of spacetime, especially large
ρΦ′ compare to ρtotal. We get large ρΦ′ , if we choose small λ and large δΦ.
However, the total energy density ρtotal = ρΦ′ + V (Φ) at the inflationary
era is order of the Planck scale m4pl, so that if we introduce ‘suitable’ Φ0,
then acceptable values of λ and δΦ are limited. But we can get large
enough ρΦ′ compare to ρtotal as will be shown in Table.
First, we prepare initial data of the scale λ ≃ lH and the amplitude up
to δΦ ∼ 0.1Φ0 (model [II-1a ∼ 1c] in Table 4.1). Corresponding ratio of
ρ∇ ≡ ρΦ′+ρΨ′ to ρtotal are also shown in Table 4.1. Those model have large
contributions of ρ∇, we may regard that gradient term is locally dominated.
As we can see from Fig. 4.1, in which the ways of evolutions (model [II-1b])
is shown, all the inhomogeneous scalar field are first homogenized and the
field go to the slow-rolling phase along to the ordinary chaotic inflationary
scenario. We find the spacetime expands sufficiently in the region where
the inflaton has large enough Φ0. This confirms the criterion (1) proposed
in spherically symmetric case by GP.
Next, we prepare initial data of the small λ. In these cases, we may
expect a formation of the collapse of the spacetime, as an example shown
by GP. Our case has planar symmetry, so if the collapse occurs, then the
naked singularity appears. Hence from this calculation we can also discuss
the so-called cosmic censorship in the spacetime with inflaton field. We
prepare data with the same δΦ and different λ’s such as λ = lH ,
1
2 lH ,
1
4 lH
and 16 lH , when Φ0 = 8.0mpl and δΦ = 0.06mpl (model [II-1d ∼ 1g] in
Table 4.1). In the last case (λ = 16 lH), ρ∇ is locally 86% of the ρtotal, we
can regard gradient term is locally dominated again.
The typical time evolution of Φ is shown in Fig. 4.2 (model [II-1g]). The
evolution is quite similar to Fig. 4.1. That is, in all the case, the field Φ is
homogenized and the spacetime expands sufficiently.
For various scale of the deviation λ (model [II-1d ∼ 1g], we show the
trajectories of the evolution at x = 0 in the Φ-Π phase space, where Π =
−Π/γ (Fig. 4.3). At the beginning, the system shows damped oscillation
around the mean value of the field in the phase space, and the trajectory
will soon approach that of the homogeneous case. At the very end, the
scalar field begins damped oscillation around the origin and finally reach
the potential minimum.
To compare the effects of ρ∇ on the evolutions of a scalar field, we show
the trajectories for various λ in Fig. 4.4(a). The behaviors are almost
same as in Fig. 4.3, and the merging points to the homogeneous case are
independent of the initial gradient term, which is agree with the spherically
symmetric case [7]. The contributions of ρ∇ to the evolutions of a universe
are drawn in Fig. 4.4(b). Effects on the evolution of the spacetime are
compared using the maximum value of γ on each hypersurface. In the
figure, the homogeneous initial data (both mean value Φinitial = Φ0 =
8.0mpl and maximum value Φinitial = Φ0 + δΦ = 8.06mpl) are also plotted
with solid line, which are almost piled up but less than the cases with
inhomogeneous initial data. So we can judge ρ∇ enhances the evolution
of the universe. In Fig. 4.5, we show the proportions of the each terms
in energy density ( ρΦ˙, ρΦ′ , ρΨ˙, ρΨ′ , and V (Φ) ) to ρtotal. We see that
ρ∇ = ρΦ′ + ρΨ′ becomes less effect within 1.0τH [Fig. 4.5(a)], and the
kinetic energy of the scalar field dominates at the last stage [Fig. 4.5(b)].
The kinetic energy of the massless field ρΨ˙, however, effects until about
2.5 τH . So that we may say that the inflaton Φ is homogenized partially
by the field Ψ. Hence, to search the effects of the inhomogeneity, we had
better survey initial data without such an additional field.
Since we are working in a planar spacetime, the gravitational waves
are also exist in this system. We calculate the Weyl tensor and study
its evolutions. In Fig. 4.6, the maximum value of
√
CµνρσCµνρσ/Λeff
on each hypersurface for various λ is drawn. If λ is short enough, then
the initial Weyl invariant become large. Such a deviation, however, soon
homogenized by the expansion of the universe, which results are agree with
those in Section 3.
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4.2 Evolutions of the inhomogeneous scalar field
Next, we show the time evolution of the initial data without introducing a
massless scalar field. This setting makes clear the effects of inhomogeneous
scalar field, since initial expansion rate are not uniform over the spacetime.
To show the difference with the previous model, we set the same chaotic
potential with m2 = 0.01, and the same initial scalar distribution form
Φinitial. To define a unit, we set the effective cosmological constant as
Λ˜eff ≡ 12m2Φ20, where Φ0 is the mean value of the initial scalar field [see eq.
(32)], and fix unit lH and τH using Λ˜eff . We set the background spacetime
is flat on the initial hypersurface, and choose trKˆ as
trKˆ = −
√
3Λ˜eff(1 + δ˜K). (34)
Since our present model is not isocurvature, δ˜K must be introduced in
order to take into account the inhomogeneity effect, and is determined by
the same condition as in Sec.3.
As like the cases in the previous section, we first prepare initial data for
large amplitude δΦ and the scale λ to be larger than a horizon scale (model
[II-2a ∼ 2c] in Table 4.2). Initial rate of ρΦ′ to ρtotal and each δ˜K are shown
in Table 4.2. The gradient energy rate ρΦ′/ρtotal are large enough to treat
our problem. The inflaton in such a case behaves like a homogeneous field
in one horizon region, and induce a sufficient expansion if the average value
of Φ is ‘suitably’ large for the inflationary model. These results are again
agree with GP’s results as we expected.
We next prepare initial data for small λ compare to the horizon scale.
With the same reason in the previous section, if we concentrate our atten-
tions for the small scale deviations λ compare to the horizon scale, then
only small amplitude of δΦ is acceptable. We set λ = 0.2lH and change
δΦ (model [II-2d ∼ 2h] in Table 4.2).
A typical example of the time evolution of scalar field is shown in Fig.
4.7. We see the field Φ is rolling down along the chaotic inflationary po-
tential. In the figure, only the configuration until 12τH is drawn, but we
can see differences with that of the isocurvature model (Fig. 4.2). Since
there is no uniform expansion in the initial stage, the scalar field is not
homogenized immediately but has different kinetic energy at the different
point, and drags the initial distribution even at 12τH . As seen from Fig.
4.7, the field seems to become homogeneous around 5τH , this is because
the field of initially larger Φ gets large kinetic energy and goes down the
potential faster than that from initially smaller Φ. In the last stage, we
find again inhomogeneous distribution similar to the initial one. Although
the configuration of the scalar field is inhomogeneous, the evolution of
the spacetime goes to the inflationary stage, since the field at each point
follows the usual slow rolling scenario. The spacetime becomes locally de
Sitter universe. We can see this by using phase diagram of this model (Fig.
4.8). For the different initial data shows that all the trajectories coincide
at a time a bit after the beginning and all follow the same history with
the homogeneous case. Compare to the isocurvature case [Fig. 4.4(a)],
we find the trajectories at the very beginning are the quite different. This
difference shows the effect of an additional massless scalar field, i.e., the
initial uniform expansion make the inflaton homogeneous at the beginning
of the time evolution [trajectories round around the homogeneous case in
Fig. 4.4(a)].
An important fact is that we did not find a collapse of the spacetime
even if we set the initial inhomogeneity is large enough. All the initial
effect of the gradient energy term ρ∇ on the evolution of the spacetime do
not work on preventing an onset of inflation in a planar universe. If the Φ0
is large enough to derive an inflation just as same as that in homogeneous
and isotropic spacetime, then the planar inhomogeneous spacetime go into
inflationary era.
5 Conclusion
We analyzed the validity of the cosmic no hair conjecture in a plane sym-
metric spacetime. We integrated the Einstein equations numerically using
ADM formalism to see following two effects on the evolution of the space-
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time; strong inhomogeneity [I] due to localized gravitational waves in the
spacetime with positive cosmological constant and [II] due to inhomoge-
neous inflaton field.
For the model [I], we see all initial inhomogeneities are smoothed out
within one Hubble expansion time τH including their collisions’ effect. So
that we conclude that the nonlinearity of the gravity do not cause to pre-
vent the onset of the inflation under the existence of positive cosmological
constant Λ.
For the model [II], we prepare two initial situations; isocurvature initial
data and fully inhomogeneous initial data. In both cases, we find that
initial gradient term of the energy density of the scalar field may not lead to
collapse of the spacetime. If the initial mean value of the inflaton field, Φ0,
is large enough to derive inflation in homogeneous and isotropic spacetime,
then we can conclude such a universe will always be homogenized and
expand sufficiently.
For the case of the inhomogeneous scale λ is larger than the horizon
scale, our calculations confirm the criterion (1) by Goldwirth and Piran,
and also their calculations for spherical spacetime.
Even for the case of small λ, we could not find the collapsing universe.
We did not face to a formation of a naked singularity at least in a planar
universe. This may support a cosmic censorship conjecture. Therefore,
we conclude that inflation is generic, and the usual analysis with isotropy
and homogeneity may be justified in a plane-symmetric spacetime. We
also partially confirm our inflationary scenario of inhomogeneous universe,
which we mentioned in the introduction. That is, a large inhomogene-
ity does not necessarily prevent cosmological constant-driven expansion,
instead the spacetime evolve into a de Sitter spacetime with many small
black holes induced by gravitational collapses.
As we denoted in section 4.2, the condition of isocurvature initial data
by introducing an additional massless field may lead to the different con-
figuration on the evolution of the spacetime. The critical difference did
not appear in the plane symmetric spacetime, but it is necessary to treat
precisely also in a spherical universe. We are now studying the spherically
symmetric initial data without introducing such an additional field [24].
In order to clear out the generality of the inflation, further simulations
—for example, those present in cylindrical or axially symmetrical, or even
more general spacetimes—are required [25].
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Table Captions
Table 3.1:
Examples of initial parameters for model [I] [case 1]. a and x0 are param-
eters to define γˆij in eq.(27), L is a periodic boundary length, and δK is
a constant in eq.(29). l(t = 0) and Cmax(t = 0) are width and amplitude,
respectively, on the initial hypersurface.
Table 3.2:
Examples of initial parameters for model [I] [case 2]. a˜ and x˜0 are pa-
rameters to define γˆij in eq.(28), and the rest are the same with Table
3.1.
Table 4.1:
Examples of initial parameters for the isocurvature model. Φ0, δΦ, λ means
average, amplitude of deviations and scale of the deviation, respectively [in
eq.(28)]. Initial ratio of gradient term ρ∇ to the ρtotal are also shown. The
mass term of the potential, m, is set as m2 = 0.01.
Table 4.2:
Initial parameters for the fully inhomogeneous model. δ˜K is a constant in
eq.(34). The mass term of the potential is set as m2 = 0.01.
Tables
Model a x0 L δK l(t = 0) Cmax(t = 0)
I-1a -0.050 0.050 0.667 0.010 0.085 9.67
I-1b -0.100 0.050 0.667 0.007 0.086 19.86
I-1c -0.333 0.080 1.000 0.026 0.151 29.62
I-1d -0.500 0.080 1.000 0.071 0.161 49.87
Table 3.1
Model a˜ x˜0 L δK l(t = 0) Cmax(t = 0)
I-2a 1.00 0.10 0.667 0.05 0.079 0.618
I-2b 1.00 0.05 0.500 0.10 0.045 2.052
I-2c 2.00 0.05 0.500 0.20 0.049 4.234
I-2d 3.00 0.05 0.500 0.30 0.053 6.517
Table 3.2
Model Φ0 δΦ λ (max) ρ∇/ρtotal ρ∇/ρtotal
II-1a 5.00 0.75 1.00 92.5% 46.1%
II-1b 8.00 0.72 1.00 85.3% 42.5%
II-1c 8.00 0.36 0.50 85.3% 42.5%
II-1d 8.00 0.06 1.00 2.37% 1.18%
II-1e 8.00 0.06 0.50 9.47% 4.73%
II-1f 8.00 0.06 0.250 37.9% 18.9%
II-1g 8.00 0.06 0.167 85.2% 42.5%
Table 4.1
Model Φ0 δΦ λ δ˜K ρΦ′/ρtotal
II−2a 8.00 1.50 1.000 0.625 99.4%
II−2b 8.00 2.40 5.000 1.200 94.1%
II−2c 8.00 3.60 10.00 2.400 89.5%
II−2d 8.00 0.03 0.200 0.005 86.6%
II−2e 8.00 0.06 0.200 0.010 96.3%
II−2f 8.00 0.18 0.200 0.045 99.6%
II−2g 8.00 0.30 0.200 0.100 99.8%
II−2h 8.00 0.60 0.200 0.250 99.9%
Table 4.2
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Figure Captions
Figure 2.1:
The accuracy of the Hamiltonian constraint equation. The solid line and
the dotted line show the maximum error Error(t) and the averaged error,
respectively, on the hypersurface at every time step for the calculation of
the inhomogeneous scalar field (the case of model [II-2f] in Section 4.2).
Figure 3.1:
An example of the initial configuration for the case of a pulse-like distortion
([case 1]). This is the case of model [I-1a] in Table 3.1. In (a), the conformal
factor φ in equation (15) is shown. In (b), the “curvature” C(t, x) in (21).
Figure 3.2:
Time evolutions of propagating plane waves. (a) “curvature” C(t, x)
[eq.(21)] and (b) “super-energy” H(t, x) [eq.(25)] are shown for the ini-
tial data shown in Fig. 3.1.
Figure 3.3:
The maximal value of I(t, x) ≡√RµνρσRµνρσ/Λ (solid line), and C(t, x) ≡√
(3)Rijkl (3)Rijkl/Λ (dotted line) on each hypersurface Σ(t) are shown for
the same data with Fig. 3.1. We find I(t, x) →
√
8/3 within one Hubble
expansion time (homogeneous de Sitter spacetime) as expected.
Figure 3.4:
The time evolution of the “curvature” C(t, x) resulting from waves that are
located closely. Two waves are the same form, l = 0.10lH and Cmax(t =
0) = 51.0, and the periodic distance is 0.30lH. We see them collide and
in the collision region, the “curvature” seems to be superposed, but finally
the spacetime is homogenized by the expansion of the universe.
Figure 4.1:
A typical example of the time evolution of initially inhomogeneous scalar
field (isocurvature model). The model [II-1b] in Table 4.1 is shown. We see
the field Φ is rolling down along the chaotic inflationary potential V (Φ) =
1
2m
2Φ2 with m2 = 0.01. Although the gradient term in the initial state is
locally dominated, we see the field Φ is homogenized immediately.
Figure 4.2:
The same as Fig. 4.1, but of model [II-1g] in Table 4.1.
Figure 4.3:
Phase space diagram(Φ − Π) indicating the behavior of the scalar field
at x = 0 both for the inhomogeneous initial data (dotted line) and the
homogeneous initial data (solid line). The former initial data is [II-1g] in
Table 4.1, while the latter initial data is the same except δΦ = 0. We
find the dotted line is coincide with the solid one soon after rolling down,
showing that the homogeneous scalar field scenario may work even if we
include much inhomogeneities.
Figure 4.4:
(a) Trajectories in Φ−Π phase space for various kinetic terms’ initial data
for the isocurvature model. Only the beginning part is drawn. The long-
dashed line, long-dot-dashed line, short-dashed line and solid line are that
of Model [II-1d, 1e, 1f, 1g] respectively. All of them will coincide with
the trajectory of the homogeneous scalar model (the bold line) soon after
slowing down the potential.
(b) The evolution of the volume element detγij (maximum value on the
each hypersurface) for each case. The lines are the same with (a). The
bold line shows the case of homogeneous scalar field of both Φ = 8.0mpl
and Φ = 8.06mpl (indistinguishable). We see that the inhomogeneity of
the scalar field enhances the expansion of the spacetime.
Figure 4.5:
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The proportions of the each terms in energy density to ρtotal; ρΦ˙(bold-solid
line), ρΦ′(bold-dotted line), ρΨ˙(thin-solid line), ρΨ′(thin-dotted line), and
V (Φ)(three-dot-dashed line). (a) shows until 1.0τH , while (b) shows until
5.0τH .
Figure 4.6:
The evolutions of the maximum Weyl invariant
√
CµνρσCµνρσ/Λeff on the
hypersurface.
Figure 4.7:
A typical example of the time evolution of initially inhomogeneous scalar
field. The model [II-2f] in Table 4.2 is shown. We see the field Φ is rolling
down along the chaotic inflationary potential V (Φ) = 12m
2Φ2 with m2 =
0.01. Compare to the Fig. 4.2, we notice the scalar field’s configuration
drags its initial form even after the time evolution.
Figure 4.8:
Trajectories in Φ−Π phase space for various kinetic terms’ initial data for
the fully inhomogeneous model (at x = 0, where the maximum Φ exists
initially). Only the beginning part is drawn. The detail parameters are
shown in Table 4.2. The bold line shows the trajectory in the case of
homogeneous scalar field (Φ = 8.0mpl). The dotted line, dot-dashed line,
dashed line and solid line are those of Model [II-2e, 2f, 2g, 2h] respectively.
All of them will coincide to the homogeneous’ line soon after slowing down
the potential.
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